A nonrecursive combinatorial rule for Eulerian numbers  by Foulkes, H.O
JOURNAL OF COMBINATORIAL THEORY (A) 22, 246-248 (1977) 
Note 
A Nonrecursive Combinatorial Rule for Eulerian Numbers 
H. 0. FOULKES 
Department of Pure Mathematics, University College, Swansea, Wales, Great Britain 
Communicated by J. Riordan 
Received March 18, 1976 
A simple nonrecursive combinatorial rule is given for the number A(n, k) of 
permutations of 1, 2,..., n with k descents. 
1. The number of permutations of 1,2,..., n with k descents is the 
Eulerian number A(n, k). These numbers have the recurrence relation 
A(n, k) = (k + 1) A(n - 1, k) + (n - k) A(n - 1, k - 1). 
Using this relation a combinatorial rule for A(n, k) is obtained which is not 
itself recursive. 
2. In a rectangle of nodes arranged in k + 1 columns and n - k 
rows, any of the (“i,‘) paths from the bottom left-hand corner to the top 
right-hand corner which proceeds by a sequence of steps, either upward 
or to the right, will have k steps to the right. In any such path s, attach the 
label i to any horizontal step in the ith row, counting upward, and attach 
the label i to any vertical step in the ith column counting from the left. 
Let the product of these n - 1 labels be denoted by P, . 
3. THEOREM. 
summed over the (n;l) paths in the rectangle. 
Proof. For n = 2 and k = 0 and 1, the theorem is true, since each path 
is then a single step labeled 1, and there is just one permutation of each sort. 
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Assume the theorem is true for permutations of 1, 2,..., y1 - 1. Then 
A(n, k) = (k + 1) A(n - 1, k) + (n - k) A(” - 1, k .- 1) 
= (k + 1) 1 P,, + (n - k) c P,, , 
% % 
where s1 and s2 are, respectively, paths on n - 1 nodes in (n - k - 1) x 
(k + 1) and (n - k) x k rectangles. 
Every path s in a (n - k) x (k + 1) rectangle is obtained either by 
attaching a vertical step to the top right-hand node of an s1 , or by attaching 
a horizontal step to the top right-hand node of an s2 . Labeling the attached 
step with k + 1 in the first case and with II - k in the second proves the 
theorem. 
4. A slight modification of the rule makes it applicable to the 
numbers a@, k; r) discussed by Foata and Schiitzenberger [I, pp. 44-461. These 
reduce to the Eulerian numbers when Y = 1, and satisfy, [l, p. 34; 3, p. 2151, 
a@, k; r) = (k + r)n(n-l,k;r)+(n-k+l-r)a(n--l,k--l;r).The 
rectangle enclosing the paths is now (n - k + 1 - r) x (k + 1). The rows 
are labeled upward from 1 to II - k + 1 - Y, and the columns, left to right, 
from r to k + r. Forming the products P, as in the theorem, essentially the 
same argument applies and shows immediately that 
a@, k r> = C P, , 
summed over all the paths from the bottom left-hand corner to the top right- 
hand corner. 
5. As an illustration, there are 10 paths associated with A(6,2). 
These labeled paths, reading from the bottom left-hand corner upward, are 
11144 11324 12224 12224 11333 
12233 12233 12233 12233 11333 
giving A(6,2) = a(6,2; 1) = 16 $ 24 + 32 + 32 + 27 + 36 + 36 + 36 + 
36 + 27 = 302. The labeled paths for ~(6, 2; 2) are 
2233 2233 1333 2224 1324 114.4 
giving a(6,2; 2) = 36 f 36 + 27 + 32 + 24 + 16 = 171. For a(6,2; 3) the 
paths are 322, 142, 115, giving a(6, 2; 3) = 12 + 8 + 5 = 25, and for 
a(6,2; 4) we have the path 1.1. 
It should be noticed in connection with A(6,2) that th: numbers of 
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permutationswithup-down sequences --+++, --i-+-t,..., +++-- 
related in order to the 10 paths are not 16,24,..., 36, 27. They are, in fact, 
10, 35, 40, 19, 26, 61, 40, 26, 35, 10, respectively. 
6. The rule for A(n, k) given here has a link with Stirling numbers 
S(n, wz) of the second kind. It is known [2, p. 1761 that S(n, n - k) is the sum 
of the products of all sets of k numbers, with repetitions allowed, taken from 
1, 2,..., y1 - k. Thus 
S(6,4) = 4.4 + 3.4 + 2.4 + 1.4 + 3.3 + 2.3 + 1.3 + 2.2 + 1.2 + 1.1 = 65, 
and 
S(6, 3) = 1.1.1 f 1.1.2 + 1.2.2 + 2.2.2 + 1.1.3 + 1.2.3 
+ 2.2.3 + 1.3.3 + 2.3.3 + 3.3.3 = 90. 
It is evident that if in the (n - k> x (k + 1) rectangle used for A(n, k) we 
evaluate for each path the product of the row labels only, then their sum is 
S(n, y1 - k), whereas for the column labels only the sum is S(n, k + 1). 
The rule for A@, k) thus exhibits a kind of scalar product derivation from 
the above Stirling numbers. 
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